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Abstract 

This is the first of a series of papers, where we introduce a new class of estimates for 
the Ricci flow, and use them both to characterize solutions of the Ricci flow and to provide 
a notion of weak solutions to the Ricci flow in the nonsmooth setting. In this first paper, 
we prove various new estimates for the Ricci flow, and show that they in fact characterize 
solutions of the Ricci flow. Namely, given a family (M, gt)tei of Riemannian manifolds, we 
consider the path space PM of its space time M = M x I. Our first characterization says that 
(M, gt)tei evolves by Ricci flow if and only if an infinite dimensional gradient estimate holds 
for all functions on PM. We prove additional characterizations in terms of the -regularity 
of martingales on path space, as well as characterizations in terms of log-Sobolev and spectral 
gap inequalities for a family of Ornstein-Uhlenbeck type operators. Our estimates are infinite 
dimensional generalizations of much more elementary estimates for the linear heat equation 
on {M,gt)tei, which themselves generalize the Bakry-Emery-Ledoux estimates for spaces with 
lower Ricci curvature bounds. Based on our characterizations we can define a notion of weak 
solutions for the Ricci flow. We will develop the structure theory of these weak solutions in 
subsequent papers. 


Contents 


1 Introduction 

1.1 Background and overview . 

1.2 Characterization of supersolutions of the Ricci flow 

1.3 Characterization of solutions of the Ricci flow . . . 


2 

2 

5 

6 


2 Supersolutions of the Ricci flow 


11 


*R.H. has been supported by NSF grant DMS-1406394, A.N. has been supported by NSF grant DMS-1406259. 


1 









3 Stochastic calculus on evolving manifolds 

3.1 Frame bundle on evolving manifolds. 

3.2 Brownian motion and stochastic parallel transport 

3.3 Conditional expectation and martingales. 

3.4 Heat equation and Wiener measure. 

3.5 Feynman-Kac formula. 

3.6 Parallel gradient and Malliavin gradient. 

3.7 Ornstein-Uhlenbeck operator. 

4 Proof of the main theorem 

4.1 The gradient estimate. 

4.2 Regularity of martingales. 

4.3 Log-Sobolev inequality and spectral gap. 

4.4 Conclusion of the argument. 

A A variant of Driver’s integration by parts formula 


12 

12 

13 

15 

16 

17 

18 
19 


20 

21 

23 

24 
24 


26 


1 Introduction 

1.1 Background and overview 

The Ricci flow, introduced by Richard Hamilton IIHam82ll . evolves Riemannian manifolds in time and is 
given by the equation 

drgt = -2RiCg,. (1.1) 

As with all geometric equations, the key to the analysis of (11.11) is to prove estimates that are strong enough 
to capture the analytic and geometric behavior. Many of the known estimates for the Ricci flow are similar 
in nature to - but often have been harder to develop than - the corresponding estimates for other geometric 
equations. Since the geometry itself is evolving, even the most basic geometric quantities, like the heat 
kernel, can behave quite badly. Furthermore, many techniques from geometric analysis that rely on the pres¬ 
ence of an ambient space (or a fixed underlying manifold) are not available for the Ricci flow. In particular, 
it has been a longstanding open problem to find a notion of weak solutions for the Ricci flow. 

The goal of this paper, the first in a series, is to introduce a new class of estimates for the Ricci flow. 
Our new estimates not only give new information about solutions of the Ricci flow, but are designed to be 
sufficiently powerful that they give analytic criteria for determining when a family of Riemannian manifolds 
solves the Ricci flow. That is, we will see that if a family (M, gt)tei of Riemannian manifolds satisfies the 
analytic estimates of this paper, then in fact this family solves (frni . Such analytic criteria can be used to 
define weak solutions and have become of increasing importance in other areas of Ricci curvature, see for 
instance IILV091IStu061IAGS141INabf3]l . but have not been available up to now for the Ricci flow itself. 
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We start with the comparably simple task of characterizing supersoluions of the Ricci flow, i.e. families 
{M,gt)tei such that dtgt > -2RiCg,, see Section [L2] and Section [2l As summarized in Theorem II .51 super¬ 
soluions can be characterized in terms of various estimates for the linear heat equation on {M,gt)tei- These 
estimates generalize the Bakry-Emery-Ledoux estimates for manifolds with lower Ricci curvature bounds 
I BE851 [BL06I1 . see also McCann-Topping IIMTIOH . In paiticular, one can characterize supersolutions in 
terms of a log-Sobolev inequality, and a Poincare-inequality. The log-Sobolev inequality is not the one dis¬ 
covered by Perelman IIPer02ll . but the more recent one from Hein-Naber IIHN13II . 


To characterize solutions of the Ricci flow, and not just supersolutions, we prove infinite dimensional 
generalizations of the above estimates. Motivated by work in stochastic analysis IIMal841 IDri92[ IPan941 
IAE951IHsu97II and prior work of the second author IINabl3L our approach to finding such infinite dimen¬ 
sional generalizations is to do analysis on path space. More precisely, it turns out that the right path space 
to consider, is the space PM of continuous curves in the space-time M = M x I, which are allowed to move 
arbitrarily along the manifold M but are required to move backwards along the I factor with unit speed. To 
be able to do analysis on PM we have to set up quite a bit of machinery from stochastic analysis, notably the 
notions of Wiener measure, stochastic parallel transport, parallel gradient and Malliavin gradient, adapted 
to our space-time setting. We describe this briefly in Section 11.3.11 and give a comprehensive treatment in 
Section [3] Eor example, the construction of parallel transport is quite subtle, since almost no curve of Brow¬ 
nian motion is C'. Nevertheless, using ideas from Eells-Elworthy-Malliavin IIElw82[[Mal97ll . we can make 
sense of parallel transport on space-time for almost every curve of Brownian motion, see Section [T2l 


Having set the stage, let us now discuss our infinite dimensional estimates. Our first characterization in 
Section 11.3.21 directly relates solutions of the Ricci flow to gradient estimates on path space. Specifically, 
we will see that a family (M, gt)tei evolves by Ricci flow if and only if a certain gradient inequality (R2) 
holds for all functions on PM. We will see how this directly generalizes the gradient estimate (S2) proved 
in Theorem 11.51 for supersolutions. Our second characterization in Section 11.3.31 is in terms of the time 
regularity of martingales on path space. Specifically, we will see that martingales on path space satisfy 
a precise C^^^-Hdlder estimate (R3) if and only if the family {M,gt)tei evolves by Ricci flow. Our third 
characterization in Section [OA] is in terms of an infinite dimensional log-Sobolev inequality (R4), and our 
final characterization in Section [T. 3. 5l is in terms of the corresponding spectral gap (R5). Our characteriza¬ 
tions of solutions of the Ricci flow can be thought of as infinite dimensional generalizations of the estimates 
for supersolutions. Namely, if we evaluate our infinite dimensional estimates for the simplest possible test 
functions, i.e. functions on path space that only depend on the value of the curve at a single time, then we 
actually recover the finite dimensional estimates from Theorem 11.51 Of course, there are many more so¬ 
phisticated test functions that we can plug in our estimates, and this is one of the reasons why our estimates 
are actually strong enough to characterize solutions, and not just supersolutions. Our characterizations of 
solutions of the Ricci flow constitute the main results of this article and are summaiized in Theorem 1 1.22 1 

Eet us also emphasize that Theorem [E22]truly relies on ideas from stochastic analysis, i.e. doing analysis 
on path space PM, as it seems that analysis on (M, gt)tei can only be used to characterize supersolutions but 
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not solutions. In fact, some indications that stochastic analysis might be useful in the study of Ricci flow 
have already appeared previously in the literature: Arnoundon-Coulibaly-Thalmaier proved the existence 
of Brownian motion in a time dependent setting IIACT08II (see also HCoulHl l. and used this to prove a Bis¬ 
mut type formula for the Ricci flow. Kuwada-Philipowski studied the relationship between time dependent 
Brownian motion and Perelman’s ^-geodesics and obtained a nice nonexplosion result BKPllbl IKPllaB 
(see also IIChel2ll l. and Guo-Philipowski-Thalmaier found some applications of stochastic analysis to an¬ 
cient solutions IIGPT13II . Based on our new estimates there are many more directions to explore. 

In future papers of this series we will use our estimates to investigate singularities in the Ricci flow. In 
most situations, the Ricci flow develops singularities in finite time. Typically, the curvature blows up in 
certain regions but remains bounded on the remaining parts of the manifold IIHam951 . One would then like 
to understand these singularities and find ways to continue the flow beyond the first singular time. 

The formation of singularities is of course an ubiquitous phenomenon in the study of nonlinear PDEs. 
For other geometric evolution equations there are good notions of weak solutions that allow one to con¬ 
tinue the flow through any singularity, e.g. Brakke and level set solutions for the mean curvature flow 
IIBra781lES911ICGG911 . and Chen-Struwe solutions for the harmonic map heat flow IICS89II . For the Ricci 
flow however, it is only known in a few special - albeit very important - cases, how to continue the flow 
through singularities. Most notably, Perelman’s Ricci flow with surgery IIPer021 IPer03ll provides a highly 
successful way to deal with the formation of singularities in dimension three. Surgery has also been imple¬ 
mented in the case of four-manifolds with positive isotropic curvature IIHam97[ICZ06ll . Recently, Kleiner- 
Fott proved the beautiful result that as the surgery parameters degenerate it is possible to pass to certain 
limits, called singular Ricci flows IIKF14II . Also, there has been a lot of progress in the Kahler case, see e.g. 
Song-Tian IIST09II and Eyssidieux-Guedj-Zeriahi IIEGZ14II . In most other cases however, it is a widely open 
problem how to deal with the formation of singularities. 

In the second paper of this series we will use the estimates of this first paper to give a notion of the Ricci 
flow for a family of metric-measure spaces. Using analytic characterizations to define weak solutions is a 
well developed tool in the context of lower Ricci curvature IIFV091[Stu061IAGS14L and more recently in the 
context of bounded Ricci curvature IINabl3ll . Similarly, based on the characterizations of Theorem 1 1.22 1 we 
will define a notion of weak solutions for the Ricci flow and develop their theory. We will discuss this in 
subsequent papers, but let us briefly describe the idea. We consider metric-measure spaces M equipped with 
a time function and a linear heat flow. We call M a weak solution of the Ricci flow if and only if the gradient 
estimate (R2) holds on PM. We then establish various geometric and analytic estimates for these weak 
solutions. One of our applications concerns a question of Perelman about limits of Ricci flows with surgery 
IIPer02L Namely, the metric completion of the space-time of Kleiner-Fott IIKF14I1 . which they obtained as a 
limit of Ricci flows with surgery where the neck radius is sent to zero, is a weak solution in our sense. 
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1.2 Characterization of supersolutions of the Ricci flow 


As a motivation for our approach to characterize solutions of the Ricci flow, let us first characterize super¬ 
solutions, i.e. smooth families of Riemannian manifolds such that 


dtg, > -2RiCg,. 


(1.2) 


To fix notation, let {M,gt)tei be a smooth family of Riemannian manifolds, where 1 = [0, TiJ. To avoid 
technicalities, we assume throughout the paper that all manifolds are complete and that 


sup (|Rm| -I- \dtgt\ + |Vi9,gf|) < oo. 


(1.3) 


However, all our estimates are independent of the implicit constant in (11.31) . We consider the heat equation 
(5, - ^g,)w = 0 on our evolving manifolds (M, gt)tei- For every s,T € I with s < T, and every smooth 
function u with compact support, we write Pstu for the solution at time T with initial condition u at time s. 
In other words, 

{P,tu){x)= f u(y)H(x,Tly,s)dvolg(,)(y), (1.4) 

JM 

where H{x, T | y, 5 ) is the heat kernel with pole at (y, s). We write dv(^x,T)(y, - H{x, T \ y, 5)dvolg(i)(y). It is 

often useful to think of dv^xj) as the adjoint heat kernel measure based at (v, T). 

The following theorem summarizes our characterizations of supersolutions of the Ricci flow. 

Theorem 1.5 (Characterization of supersolutions of the Ricci flow). For every smooth famUy (M, gt)tei of 
Riemannian manifolds (complete, satisfying (fO ). the following conditions are equivalent: 


(51) The family (M, gt)tei A a supersolution of the Ricci flow, 

d,g, > -2RiCg,. 

(52) For all test functions u, the heat equation on {M,gt)tei satisfies the gradient estimate 

\VPstu\ ^ Pst\^u\. 

(53) For all test functions u, the heat equation on {M,gt)tei satisfies the estimate 

\VPsTU\^ < PsT\yu\\ 

(54) For all functions u : M ^ H with u^iy) dv(xj)(y, s) - 1, we have the log-Sobolev inequality 



(S5) For all functions n : M ^ IR with u(y) dv(x^T)(y, = 0, we have the Poincare-inequality 
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In essence, this all follows from the Bochner-formula for the heat operator u = d, - 

□|Vm|^ = 2 (Vm, Vdm) - 2|V^Mp - {dtg + 2Ric)(gradM, gradn), (1.6) 

see Section |2] for the (easy) proof of Theorem 1 1.51 The reader can also view this as a good toy model for the 
more sophisticated infinite-dimensional computations on path space that we carry out in later sections. 

Remark 1.7. Theorem 1 1.5 1 can be thought of as parabolic version of the Bakry-Emery characterization of 
nonnegative Ricci curvature IbESSI IBL06II . Another interesting characterization of supersolutions of the 
Ricci flow, in terms of the Wasserstein distance, has been given by McCann-Topping BMTIOII . 

1.3 Characterization of solutions of the Ricci flow 

In this section we describe our main estimates on path space, and use them to characterize solutions of the 
Ricci flow. 

1.3.1 Stochastic analysis on evolving manifolds 

Our estimates require quite some machinery from stochastic analysis, notably the notions of Wiener mea¬ 
sure, stochastic parallel transport, parallel gradient and Malliavin gradient, adapted to our time-dependent 
setting. We will now briefly describe these notions, and refer to Section l^for a more complete treatment. 

Let {M,gt)tei be a smooth family of Riemannian manifolds, where I = [0, TiJ. We recall that we always 
assume that our manifolds are complete and that (11.31 ) is satisfied, though the second assumption is for 
convenience. Throughout this work we will think of the evolving manifolds in terms of the space-time 
M = M X /. As observed by Hamilton IIHam93ll there is a natural space-time connection defined by 

VxY = Vf T, V,T = dtY + ^-dtgAY •)“*'■ (1-8) 

The point is that this connection is compatible with the metric, i.e. = 2{Y, V^T). 

It is useful to consider space-time curves going backwards in time, c.f. IILY861 lPer02ll . Namely, for 
each (x, T) e M, we consider the based path space consisting of all space-time curves of the form 

[jr - {Xr, T - T))r 6 [o,r]> where Urlreto.r] is a continuous curve in M with xq = .r. 

We equip the path space P{xj)2d. with a probability measure r(;fj-), that we call the Wiener measure 
of Brownian motion on our evolving family of manifolds, based at {x, T). The measure r(ji; 7 ’) is uniquely 
characterized by the following property. If ea- '■ P{xj)'M, M^, y i-^ (xo-^ ,..., .Vo-j), is the evaluation map 
at cr = {0 < CTi < ... < cr^ < r), and if we write Si - T - cxi, then 

eo-,*dT{xj)iy\, ...,yk) = ti{x, T\yu si)dvolg^^ Cvi) • • • H(yk-u Sk-i\yk, Sk)dvo\g^^(yk), (1.9) 

where H is the heat kernel of dt - A^,; see Section [3^ for the construction of Brownian motion. 

It is often convenient to consider the total path space PjM = yixeMP{x,T)^- Note that we can identify 
(P 7 M, r(;c 7 )) with (P(x,7 ')3V[, r(j:j’)), since the measure concentrates on curves starting at (x, T). Some¬ 
times it is also useful to equip the total path space Pj-M with the measure Yj = ^ Y(x,T)dyo\g^{x). 
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The space (Pt’M, r(_,. 7 -)) can be equipped with a notion of stochastic parallel transport, a family of 
isometries Pt(t) : (TxrM, gr-r) {TxM,gT)- If the curves y were C\ then Pr(y) would just be the parallel 
transport from differential geometry, with respect to the natural space-time connection defined in (11.81) . Of 
course, almost no curve of Brownian motion is Nevertheless, using deep ideas from Eells-Elworthy- 
Malliavin we can still make sense of Pt(t) for almost every curve y, see Section [T2] for the construction. 

The space (P^M, r(;c 7 ')) can be equipped with two natural notions of gradient. Suppose first that F : 
P{x,T)'^ —> IR is a cylinder function, i.e. a function of the form F - u o where Cq- : P{x,T)^ 
is an evaluation map and u : ^ IR is a smooth function with compact support. If v € (TxM, gj), then 

for almost every (a.e.) curve y, we can consider the continuous vector field V = {Vr = P7^v}re[o,r] along y, 
where Pr = Priy) denofes stochastic parallel fransporf as in the previous paragraph. Note that the directional 
derivative DvF(y) is well defined, as a limif of difference quofienfs as usual. 

The parallel gradient Vllp(y) € {TxM,gT) is then defined by the condition that 

DyP(y) = (Vllp(y),v>(r,M.g,) (1-10) 

for all V € {TxM,gj), where V = {V^ = P^^vjreto,?’] is the parallel vector field associated to v, as above. 
More generally, there is a one parameter family of parallel gradients (0 < cr < P), which captures the 
part of the gradient coming from the time interval [cr, P]. In particular, V'' = Vg. 

The Malliavin gradient V^P is defined along similar lines, but takes values in an infinite dimensional 
Hilbert space. Namely, let FC be the Hilbert-space of //^-curves {rv}Te[o,r] in {TxM, gj) with vq = 0, equipped 
with the inner product (v, w)j{ = (vr, vfr>(r^M,gr) Then V^P : P(x, 7 ’)M ^ Tf is the unique almost 
everywhere defined function such that 

DyP(y) = (V^P(y),v>M, (Ell) 

for a.e. curve y, and every v € Tf, where V - *Vr)r€[ 0 , 7 ’]- 

Having defined them on cylinder functions, the (cr-)parallel gradient and the Malliavin gradient can be 
extended to closed unbounded operators on L?, see Section [T6l for details. 

Einally, the Ornstein-Uhlenbeck operator L = is defined by composing the Malliavin gradient 

with its adjoint. More generally, there is a family of Ornstein-Uhlenbeck operators pTi,r 2 (0 < ti < T 2 < P), 
which captures the part of the Eaplacian coming from the time interval [ti, T 2 ]. In particular, L = Lqj. 

1.3.2 Ricci flow and the gradient estimate 

Our first characterization of solutions of the Ricci flow is in terms of an infinite dimensional gradient esti¬ 
mate on the associated path space. Eet {M, gt)tei be smooth family of Riemannian manifolds and let PjJA 
be its path space, equipped with the Wiener measure and the parallel gradient. If P : Pj-M ^ IR is a suffi¬ 
ciently nice function, for instance a cylinder function, one can ask whether one can control the gradient of 
Fdr(x^T) viewed as a function of x € M, in terms of some natural gradient of P viewed as a function 
on path space. In fact, the answer to this question turns out to be highly relevant, in that it yields our first 
characterization of solutions of the Ricci flow. Namely, we prove that (M, gt)tei evolves by Ricci flow if and 
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only if the gradient estimate 


{R2) |V, r Fdr^,j)\ < f |VllF|dr(,,r) , 

JPtM JPtM 

holds for all function F € Fr) (for a.e. (x, T) € M). 

Remark 1.12. The infinite dimensional gradient estimate (R2) can be thought of as (vast) generalization of 
the finite dimensional gradient estimate (S2) for the heat equation. Namely, let F - uopa- : Pj-M —> M ^ R 
be a 1-point cylinder function, and write 5 = P - cr. By equation (11.91 ) the pushforward measure 


P(T,*dF(x,T) ~ dV(x^T)i.'■> ‘5) 


(1.13) 


is given by the heat kernel measure dv(xj)(y, s) = H{x, T |y, s)dvolg(^s)(y), and thus 

I Fdr^xj)^ I uecr,*dr^x,T) ^ {Pstu){x). 

JPtM JM 

Moreover, using (11.101 ) on sees that IV'IpKy) = |VM|g/Co-(y)), which together with (11.131) implies that 


(1.14) 


r |Vllp|rfr(,,r) = r \^u\eTx,*dY(xj) = {PsT\^u\){x). 

JPtM JM 


(1.15) 


Thus, in the special case of 1-point cylinder function the estimate (R2) reduces to the finite dimensional heat 
equation estimate 


(S2) \VP,TU\ < P.rIVnI. 

Of course, there are many more test functions on path space than just 1-point cylinder function. This is one 
of the reasons why our infinite dimensional estimate (R2) is strong enough to characterize solutions of the 
Ricci flow, while the finite dimensional heat equation estimate (S2) just characterizes supersolutions. 


1.3.3 Ricci flow and the regularity of martingales 

Our second characterization of solutions of the Ricci flow is in terms of the regularity of martingales on its 
path space. Let (M, gt)tei be a smooth family of Riemannian manifolds, and let Pj-M be its path space. For 
every function F e L^IP^M, r(_j^ r)), we can consider the induced martingale {P’^)r€[ 0 , 7 ’]> 

F\y)= f F(ri[o,r]*7')dr^Ar'l (i-i6) 

JPt-tM 

where the integral is over all Brownian curves y' based at jr, and * denotes concatenation. The family 
{P’')^g[0,7’] indeed has the martingale property (P’’ y = P’’ (t' > t) and captures how P depends on the 
[0, T]-part of the curves, see Section [331 The quadratic variation [P*]t of the martingale {P’’}T£[o,r] is 
defined by [P*]r - lim|||r^|||^o ~ P’’* ‘)^. where the limit is taken in probability, over all pardons 

{Ty} of [0, t] with mesh going to zero, see Section [33] It turns out that solutions of the Ricci flow can be 
characterized in terms of certain bounds for Namely, we prove that (M, gt)tei evolves by Ricci flow if 

and only if the estimate 

(P 3 ) r ^^^dT^xj) <2 f lvlFfdr(x,T) 

JPtM “T JPtM 

holds for every P € L^(PTM,r(xj)) (for all (x, T) € M). 
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Remark 1.17. The estimate (R3) is a (vast) generalization of (S3). Namely, let F = uoea- : Pj-M —> M ^ R 
be a 1-point cylinder function, and write 5 = P - cr. If e > 0, then by (11.131) and (11.161) we have 


^"{7)= f u{y)dvy^(y,s) = {Ps,T-sU){Xe). (1.18) 

JM 

Appying this twice and using the short time asymptotics of the heat kernel, one can compute that 

f -lim- r (P" - (P")°) V(,,r) 

JptM dr £-*o s 

^ lim ^ ^{P,j-su){z) - J (Psj-suXz) dv(j,j)(z, T - e)j dv(xj){z, T - e) = 1 \^PstuHx). 

Thus, in the special case of 1-point cylinder functions, (R3) for t = 0 reduces to the estimat^ 

(S3) \VP,TU\^ < P.tIVuI'. 


1.3.4 Ricci flow and the log-Sobolev inequality 

Our third characterization of solutions of the Ricci flow is in terms of a log-Sobolev inequality on its path 
space. Log-Sobolev inequalities have a long history, going back to Gross IIGro75ll . In the context of Ricci 
flow, they appear in Perelman’s monotonicity formula IIPer02ll and also in the inequality (S4) of Hein- 
Naber IIHN13L We characterize solutions of the Ricci flow via an infinite dimensional generalization of 
the inequality (S4). Namely, we prove that (M, gt)tei evolves by Ricci flow if and only if the log-Sobolev 
inequality 

(P4) r ((p2)r2 log ^ply2 _ i^g ^p2y, \ < 4 f 

JPtM JPtM 

holds for every F in the domain of the Ornstein-Uhlenbeck operator Fti,t 2 (for (-r, P) e M and all 
0 < Ti < T 2 < P). Here, {F^y denotes the martingale induced by F^. 

Remark 1.19. If ti = 0 and T 2 = P the inequality (R4) takes the somewhat simpler form 

r F^\ogF^dF(,j)<A { |V^P| 2 dr(,,r) ( 1 - 20 ) 

JPrM JPt'M. 

for all F with fp^j^ F^ = 1. Specializing further, for a 1-point cylinder function F = uoeu- : P^M —> M ^ R 
{s - T - cr), using (11.111) one can see that |V^P|^(y) - {T - s)\Vu\glecriy)), c.f. Proposition [332] Together 
with (11.131) this shows that (R4) then reduces to (S4). 


1.3.5 Ricci flow and the spectral gap 

Our final characterization of solutions of the Ricci flow is in terms of the spectral gap of the Ornstein- 
Uhlenbeck operator on its path space§| We prove that {M,gt)tei evolves by Ricci flow if and only if the 

'For T 0, one gets the estimate P, 7 -|VPj,mP < Pst\^u\^, which is easily seen to be equivalent to (S3). 

^It is of course well known that a log-Sobolev inequality implies a spectral gap. However, the important point we 
prove is that the spectral gap is in fact strong enough to characterize solutions of the Ricci flow. 
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Ornstein-Uhlenbeck operator JCjtuti € M and all Q < t\ < T 2 < T) satisfy the spectral gap 

estimate 

{R5) f < 2 f (F,Lr,,r2F}dr(,,r). 

JPtM JPtM 

Remark 1.21. In the special case of 1-point cylinder functions, the estimate (R5) again reduces to (S5). 


1.3.6 Summary of main results 

Our main results are summarized in the following theorem. 


Theorem 1.22 (Characterization of solutions of the Ricci flow). For every smooth family {M,gt)tei ofRie- 
mannian manifolds (complete, satisfying (11.31) ). the following conditions are equivalent: 

(Rl) The family (M, gt)tei evolves by Ricci flow, 


d,gt ^ -2RiCg,. 


(R2) For every F € we have the gradient estimate 


IV, 


r Fdr^,j)\< f |VllF|rfr(,,r). 

JPrM JPtM 


(R3) For every F e the induced martingale {f’^Ireto.r] satisfies the estimate 


f ^^dr(x,T) <2 f |V|F|2r/r(,,T). 

JPtM dT JPrM 


(R4) The Omstein-Uhlenbeck operator Cti,t 2 based path space r(;t,r)) satisfies the log-Sobolev 

inequality 

f ((F^P log (F^P - (F^r log (F^r ) dr(x,T) <4 f (F, Lr^r^F) dT(^x,T). 

JPrM JPrM 


(R5) 


The Omstein-Uhlenbeck operator Cri,T 2 on based path space L?{PtM.,T(^x,t)) satisfies the spectral 
gap estimate 



^2 f (F,£r,,T2F}dr(x^T)- 

JPtM 


Remark 1.23. As explained above, in the special case of 1-point cylinder functions the estimates (R2)-(R5) 
reduce to the estimates (S2)-(S5), respectively. 

Remark 1.24. Further characterizations are possible. In particular, we have an L^-version of the gradient 
estimate, and a pointwise L^-version of the martingale estimate, see (R2’) and (R3’) in SectionHl 

Outline. This article is organized as follows. In Section|2l as a warmup for the proof of the main theorem, we 
prove Theorem 11.51 characterizing supersolutions of the Ricci flow. In Section [3l we set up the machinery of 
stochastic analysis in our setting of evolving manifolds. In SectionlH we prove the main theorem (Theorem 
11.221) characterizing solutions of the Ricci flow. 
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2 Supersolutions of the Ricci flow 

In this short section we prove Theorem II.Si characterizing supersolutions of the Ricci flow 

Proof of Theorem \L5\ We will prove the implications (S3)o(Sl)o(S2) and (S1)^(S4)^(S5)^(S3). 
(Sl)o(S3): If gt is a supersolution of the Ricci flow, then the Bochner formula (11.61) implies 

n\VP„uf < 0 . ( 2 . 1 ) 


Thus, \VPstu\^ - is a subsolution of the heat equation. Since it is zero for t = 5, it stays nonpositive 

for all t > 5, in particular \VPstu\^ < Pst\'^u\^- To prove the converse implication, assume that {dtg + 
2Ric)(X, X) < 0 for some unit tangent vector X € TxM at some time s. Choose a test function u with 
Vu{p) = X and X^u(p) = 0. Then by (11.61 ) we have dtl'^PsM^ > A|VmP at p at t = s', this contradicts (S3). 

(Sl)o(S2): If gt is a supersolution of the Ricci flow, then using the Bochner formula (11.61 ) and the 
Cauchy-Schwarz inequality we obtain 


□|VP,,m| = 


|VP.rtM| 


-□ivp,,ur + - 


1 |V|VP,,n| 


2|2 


|VP.,up 


< 0 . 


( 2 . 2 ) 


Thus, \VPstu\ - Pst\^u\ is a subsolution of the heat equation. Since it is zero for t = 5, it stays nonpositive for 
all t > 5, in particular \XPstu\ < Pst\'^u\. The converse implication follows by considering a test function 
as above. 

(S1)^(S4): Let w > 0. We start by deriving another estimate for the heat equation. Using the Bochner 
formula (11.61) and the Peter-Paul inequality we compute 

^/ |VP.vWp \ _ □IVP.rWp ^ ^ {WPstw\\XPxtw) ^ |VP,,w|4 ^ ^ 

\ PstW ) PstW {PstWf- {PstW)^ 


Thus, is a subsolution of the heat equation. Since it is zero for t - s, this implies the 

estimate 


|VP..w|2 ^ ^ IVwp 

_ ^ vr 

PsrW W 

Now, using the heat kernel homotopy principle IIHN131 (3.7)] and (12.41) we compute 


J wlogwdy-|J wdyJlog|J wdv hi 


PrT 


PsrW 


(x) dr < {T 




|Vwp 


w 


dv. 


(2.4) 


(2.5) 


Substituting w = this implies the log-Sobolev inequality (S4). 

(54) ^(S5): This follows by evaluating (S4) for = \ + su with j udv - 0. 

(55) ^(S3) By the heat kernel homotopy principle IIHN131 (3.7)] we have 


J" dv - udvj - ^ J" {PrT\^P 


(x) dr. 


( 2 . 6 ) 


Thus, if (S3) fails at some {x, T), then (S5) fails for dv(^x,T) with |P - s\ small enough. 


□ 
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3 Stochastic calculus on evolving manifolds 


We will now discuss in more detail the required background from stochastic analysis, adapted to our time- 
dependent setting. There are numerous excellent references for stochastic analysis on manfolds, e.g. IIElw821 
Eme89l IHsu021 IIW811 IMal971 IStrOOB . Eor readers who wish to focus on one single reference which is 
particularly close in spirit to the content of the present section we recommend the book by Hsu IIHsu02ll . 

3.1 Frame bundle on evolving manifolds 

To set things up efficiently, we will first explain how to formulate the differential geometry of evolving 
manifolds in terms of the frame bundle. Eor the frame bundle formalism in the time-independent case, see 
e.g. Kobayashi-Nomizu IIKN96I . for the frame bundle formalism for the Ricci flow, see Hamilfon IIHam93ll . 

Eel {M,gt)tei, I - [0, Ti], be a smoofh family of Riemannian manifolds, and write "M = M x 1. Eel Y 
be a lime dependenl vector field. Eor each X € {TxM,gt) we can compute fhe covarianf spatial derivafive 
V^T = V^'T using fhe Levi-Civifa connecfion of fhe mefric gf The covarianf lime derivative is defined as 
VfF = dfY + ^dtgt(Y, •)**«'. The poinf is fhal Ihis gives mefric compalibilily, namely = 2{Y, V,T). 

Consider fhe 0„-bundle n- : 3“ —> M, where fhe fibres are given by fhe orthogonal maps n : R" —> 
(TxM, gt), and g € 0„ acfs from fhe righf via composifion. The horizonlal liff of a curve y, in M is a curve 
Ut in 3“ wilh ttm, = yt such fhal ^y^{ute) = 0 for all e e R". Given a veclor aX + € T(x,t)^ and a frame 

u e 3^{x,t) there is a unique horizontal lift aX*+/3Dt with n^,{aX*+l3Dt) = X. Here, X* is just the horizontal lift 
of X e TxM with respect to the fixed mefric gt, and D, = where Us is fhe horizonlal lifl based al u of 

fhe curve s i-^ (x, t+s) wifh x conslanf. Mosf of fhe lime we only consider curves of fhe form y-t = (xr, T-t). 
We denote space-lime parallel Iransport by Pti,t 2 = '■ (Tx-^^M,gT-n) —> {Tx^^M,gT-T 2 ), and observe 

fhal Ihis induces parallel Iranslalion maps for arbilrary lensor fields. We write = -Df 

Given a represenlalion p of (9„ on some vector space V and an equivarianf map from 3“ to V, we gel a 
seclion of fhe associated vector bundle 3“ Xp V, and vice versa. Eor example, a lime-dependenl function / 
corresponds to fhe invarianf function / = /tt : 3” —> R, and a lime-dependenl vector field Y corresponds 
to a function T : 3“ ^ R” via Y(u) = which is equivarianf in fhe sense fhal Y{ug) = g^^Y{u). The 

following lemma shows how fo compute derivalives in ferms of fhe frame bundle. 

Lemma 3.1 (Eirsl derivatives). Xf = X*f, dtf = Dtf, V^T = X*Y, and = DfY. 

Proof. The firs! fwo formulas are obvious, since fhe horizonlal liff of a funclion is conslanf in fibre direction. 
To prove fhe lasf formula, lef Ut be a horizonlal curve wilh nut - yt = (x, t), where x is fixed. Then 

- j^\nnut) = Yttu, = u-^ j-jQP;,]tt+sY(xM+^) = u-\VtY\xM) = (^)»,■ (3-2) 

The Ihird formula follows from a similar compufalion. In facl, if is a well known formula from differenlial 
geomefry wilh respecf fo a fixed mefric gt. □ 

Eel ei,... be fhe slandard basis of R". We write Hi for fhe horizonlal vector fields Hfu) = (uei)*, 
where * denotes fhe horizonlal liff, as before. The horizonlal Laplacian is defined by A// = Y!i=\ Hf. 
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Lemma 3.3 (Laplacian), A/ = A///, AY = A^Y. 

Proof. This is a classical fact from differential geometry with respect to a fixed metric gt. 


□ 


We also need the notion of the antidevelopment of a horizontal curve (this concept is also known as 
Cartan’s rolling without slipping), see e.g. IIKN96I . generalized to the time-dependent setting. The point is 
that the horizontal vector fields provide a way fo identify curves in R” wifh horizonfal curves in 3". 


Definition 3.4 (Anfidevelopmenf). If {urlreto.r] is a horizonfal curve in 3“ wifh niuf) = {xr, T - r), ifs 
antidevelopment {wrlreto,?’] is the curve in R” that satisfies 


dur dw' 

— = Dr + Wo = 0. 

dr dT 


(3.5) 


3.2 Brownian motion and stochastic parallel transport 

The goal of this section is to generalize the Eells-Elworthy-Malliavin construction of Brownian motion and 
stochastic parallel translation, see e.g. IIHsu02L to our setting of evolving manifolds. We note that a related 
construction in the time-dependent setting has been given by Arnoudon-Coulibaly-Thalmaier IIACT08II . 


The idea is to solve (13.51) in a stochastic setting. This provides a way to identify Brownian curves 
{wr)TE[ 0 , 7 ’] in R” with horizontal Brownian curves {MT)r 6 [ 0 , 7 '] in 3”. The virtue of this approach is that it 
yields both Brownian motion on M, via projecting, and stochastic parallel transport, via - Ur^Ur^ . 

Eet (M, gt)tei, I - [0, Ti], be a one-parameter family of Riemannian manifolds, and let tt : 3“ —> M x / be 
the time dependent 0„-bundle introduced in the previous section. We fix a frame u € 3", write 7t(u) - (x, T), 
and denote the projections to space and time by tti : 3" ^ M and ^-2 : 3" —> 7, respectively. It will be 
convenient to work with the backwards time r, defined by r = T - t. As before, we write Dr - -Df 
Motivated by (13.51) . we consider the following stochastic differential equation (SDE) on 3": 

dUr = DrdT + HiiUr) o dw [, Uq = u. (3.6) 

Here, Wr is Brownian motion on R”, and o indicates that the equation is in the Stratonovich sense. To keep 
the factor 2 in Hamilton’s Ricci flow, dtgt - -2RiCg,, we use the convention that dWr doesn’t have the 
standard normalization from stochastic calculus, but is scaled by a factor V2, i.e. dWrdWi = Idijdr. 

Proposition 3.7 (Existence, uniqueness, and Ito formula). The SDE (13.61) has a unique solution {f/T)r€[o,r]- 
The solution satisfies n2{Ur) - T - t, and does not explode. Moreover, Ur{co) is continuous in rfor almost 
every Brownian path a> € C([0, T], R"), and for any C^-function / : 3" —> R we have the Ito formula 

dfiUr) = Hif{Ur)dWi + Drf{Ur)dT + HiHif(Ur)dT. (3.8) 

Proof. We recall that SDEs on manifolds can be reduced to SDEs on Euclidean space, see e.g. IIHsu021 Sec. 
1.2]. Choose an embedding 3" c R^ and suitable extensions of all functions to R^. By the standard theory 
of SDEs on Euclidean space, there is a unique solution of the system (a = 1,..., N)\ 

dV^r = DrdT + HfiUr) o dw[ , Uq = u. (3.9) 


13 










It follows from a Gronwall type argument that the solution actually stays inside 3“, see e.g. IIHsu021 Prop. 
1.2.8]. This proves existence of a solution of (13.61) . Moreover, it is also easy to derive a uniqueness result 
for solutions of (13.61) from the standard uniqueness result for SDEs on Euclidean space, see e.g. IIHsu021 
Thm. 1.2.9]. In particular, the solution is independent of the choices of embedding and extensions. Since 
Brownian motion in R” is continuous in r for almost every path, the same is true for Ut 

To prove (13.81) . we first convert (13.91) into a SDE in the Ito sense. Computationally this is done by dropping 
the o and adding one half times the quadratic variation of H(Ur) and Wr- 

dU^ = D^^dr + Hf{Ur)dWi + \dH‘!{Ur)dW[ , Uo = u. (3.10) 

Now, using Ito calculus in Euclidean space we compute 

dHf{Ur)dWi - dbHf{Ur)dU^dWi - 2dbHf{Ur)Hf{Ur)dT, (3.11) 


and 


dfiUr) ^daf{Ur)dU^r + \dadbf{Ur)dUyU^, 

=daf{Ur)DyT + dJ{Ur)H‘{{Ur)dW[ (3.12) 

+ {daf{Ur)dbHf{Ur)Hf{Ur) + dadbf{Ur)Hf{Ur)Hf{Ur)) dr. 

Observing that the term in brackets is equal to HiHif{Ur), this proves (13.81) . 

By assumption (11.31) the metrics are equivalent at all times and there exists a distance-like function, i.e. a 
smooth function r : M —> R such that, after fixing an arbitrary point and o € M, 

C“Hl + dt(,x,o)) < r(x) < C(1 -t dt{x,o)), |Vr| < C, VVr < C (3.13) 

for some C < oo. Eet r : 3“ —> R be the extension of r, that is independent of time and the fibre coordinafes. 
Applying the Ito formula (13.81) to r, we see that the solution of (13.91 ) does not explode, i.e. that Ur does not 
escape to spatial infinity. Einally, for f = JI2 the Ito formula takes the simple form dn2{Ur) - -dr. Together 
with n 2 (JJo) = r, this implies that n 2 {Ur) = T - t. □ 

Using Propositon l3.7l we can now define Brownian motion and stochasfic parallel transport on our evolv¬ 
ing family of Riemannian manifolds. 

Definition 3.14 (Brownian motion). We call niUr) = (Xr, T -t) Brownian motion based at (x, T). 

Definition 3.15 (Stochastic parallel transport). The family of isometries Pr - : {Tx^M,gT-r) —> 

{TxM,gT), depending on t and the Brownian curve, is called stochastic parallel transport. 

Brownian motion comes naturally with its path space, diffusion measure, and filtered cr-algebra. 

Definition 3.16 (Based path spaces). We let PqIR” be the space of continuous curves {a>T}r6[o,r] in H” with 
ojQ = 0, let P„3“be the space of continuous curves {ur}Te[o,T] in T with uq = u and n 2 (Ur) = T - t, and let 
P(x,T)Xi be the space of continuous curves {jr = (xr, T - n))r£[o,T] in M with yo = (x, T). 
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To introduce the diffusion measure, note that Proposition 13 .7I defines a map U : PoR” —> Pu'J, U{oj){t) - 
Ur{oj). We also have a natural map fl : P^T —> induced by the projection tt ■. 3^ ^ M x 1. 

Definition 3.17 (Diffusion measures). Let Tq be the Wiener measure on PoR”, let r„ = (7*ro be the prob¬ 
ability measure on PjjT obtained by pushing forward via U, and let = (fl o (7)*ro be the probability 
measure on P(x, 7 ’)M obtained by pushing forward via fl o (7. 

Finally, recall the Wiener space PqR” comes naturally equipped with a filtered family of cr-algebras 
13 = Z^IPqR”), which is generated by the evaluation maps : PqR" —> R", with t\ < t. 

Definition 3.18 (Filtered cr-algebras). We denote by l^{Pu!P) and E^(P(_j^ r)M) (or simply by 1^ if there is 
no risk of confusion) the pushforward of S’’(PoR") under the maps U and Ft o (7, respectively. 


3.3 Conditional expectation and martingales 

If F : Pu‘3‘ ^ R is integrable, we write Pi,[P] = fp ^ FdTu for its expectation. More generally, if cr € [0, P], 
we write P”" = P„[P|S°’] for the conditional expectation given the cr-algebra 1“^ (see Definition 13.181) . 
We recall that the conditional expectation is the unique S°’-measurable function such that F’^dTu = 
FdTu for all S°’-measurable sets D. Similarly, if F is an integrable function on P(jc, 7 ’)M, we also write 
E{x,t)\_F] and P”" = E{x,t)\_F\1°'^ for its expectation and conditional expectation, respectively. 


Proposition 3.19 (Conditional expectation). IfF : P(x,r)M ^ R is integrable and cr e [0, P], then for a.e. 
Brownian curve {yrlTsto.r] conditional expectation P”" = P(j|. 7 ’)[P|X°’] is given by the formula 

p"{7)= f P(7ho,<r]*y)dryjy), (3.20) 

where the integral is over all Brownian curves {yj. = (x^, T - cr - T)}re[o,r-cr] based at ja- = (xo-, T — cr) with 
respect to the measure T-y^, and 7l[o,cr] * y' € P(a:,t)M denotes the concatenation ofy\[o,cr] and y'. 

Proof Using Proposition 13.71 we see that the martingale problem for (13.61) is well posed. Thus, by the 
Stroock-Varadhan principle, c.f. IISV791 Thm. 10.1.1], we have the strong Markov-property 

P„[/([/“^,)|S-] = Pc/«[/((/fO] (3.21) 


for all test functions / : 3" ^ R and all stopping times cr <T, where {U'y}re[o,n 2 (uo)\ denotes the solution of 
(13.61) with initial condition uq. Pushing forward via tt : T —> M, and choosing cr constant, equation (13.211) 
implies 




AxJ) 


T-o- 


f\y 




(3.22) 


for all test functions / : M ^ R. Note that equation (13.221) is exactly equation (13.201) for the case that P 
is the 1-point cylinder function / o Mo-+rl2l Now, if P is a /:-point cylinder function, then by conditioning 
at the first evaluation time we can split up the computation of its (conditional) expectation to computing an 
expectation of a 1-point cylinder function and of a (k- l)-point cylinder function. Arguing by induction, we 
infer that (13.201) holds for all cylinder functions. Since the cylinder functions are dense in the space of all 
integrable functions, c.f. Definition 13. 181 this proves the proposition. □ 


Uf P = f o Ua 


1 -point cylinder function with cr' < cr, then ( 13.20b holds true trivially. 
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For any F € L^{PjT^, r(x, 7 '))> the induced martingale F’’ = F(_,. 7 ’)[F|S’'] is defined by taking the con¬ 
ditional expectation with respect to the cr-algebras YF for every r e [0, F]. It indeed has the martingale 
property 

(/ > T). (3.23) 

The quadratic variation of the martingale F* = {F’')^g[o,r] (and more generally of any stochastic process 
where the following limit exists) is defined by 

[F*]^= lim y(F’'*-F^*-‘)^ (3.24) 

lllFilHOy 

where the limit is taken in probability, over all partions {t,} of [0 , t] with mesh going to zero. 

Assume now that F e L^(P 7 -M, r(;f j-)). Then the convergence in (13.241) is not just in probability but also 
in Moreover, we have the Ito isometry 

E [[F*]^. - [F*]^ ] = ^ ] ■ (3.25) 

The differential of [F*]r takes the form r/[F*]^ = dr for some nonnegative E’’-adapted stochastic process 
Y, which we denote by Yr = Using Fatou’s lemma and equation (13.251 ) it can be estimated by 

< liminf -F [[F*]^+^ - [F*]^ Iz^l - liminf -F [(F^+® - F^f Is^l, (3.26) 

dT e^0+ e 1 ' J £-»0+ e 1 ' J 

for almost every t for almost every y. 


3.4 Heat equation and Wiener measure 


The goal of this section is to explain the relationship between the Wiener measure and the heat equation 
on our evolving manifolds. In particular, we will see that the Wiener measure is indeed characterized by 
equation (11.91) . We start with the following representation formula for solutions of the heat equation. 


Proposition 3.27 (Representation formula for solutions of the heat equation). If s e [0, F], and w is a 
solution of the heat equation, dtW = Eg,w, with w|i - f & CfiM), then w{x, F) = F(.,t)[/(Xt_,)]. 

Proof By Definition 13 .1 41 we have w{Xr, T -t) - w{Ur), where vv denotes the lift of w to the frame bundle, 
which is constant in fibre directions. By the Ito formula tProposition 13.71) we have 


dw{Ur) - Hiw{Ur) dw\ + DrW{Ur) dr + AnwiUr) dT, 


(3.28) 


where Ah - Z/Li is horizontal Laplacian. Since w solves the heat equation, the sum of the last two 
terms vanishes (see Lemma lUTl and Lemma 1331) . and by integration we obtain 


wfUr-s) - vv(Uo) ^ 




Hiw{Ur)dWf 


(3.29) 


Note that w{Uo) = w(u) = w(x, F), and that w(Ut-s) - wiXjs, s) - fiXj-s) - f{^\ Uj-s)- Moreover, after 
taking expectations the term on the right hand side of (13.291 ) disappears by the martingale property, i.e. since 
the integrand is Z’’-adapted (c.f. Definition |3J8]), and since Brownian motion has zero expectation. Thus, 


w{x,T) - EAfiniUr-s)] - F(,,r)[/(Xr-.)], 


(3.30) 


as claimed. 


□ 
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Proposition 3.31 (Characterization of the Wiener measure). If the evaluation map at 

(T = [0 < (T\ < ... < (Tk < T), given by ea-{y) = (n'lyo-,, • • •, and if we write Si = T - cru then 


ea-,*dT{xj)iy\,- ■■,yk)^ H{x, riyi, 5i)Jvolg^j Cvi) • • • H(yk-u Sk-i\yk, Sk)dvolg^^(yk). (3.32) 
Moreover, equation (13.321) uniquely characterizes the Wiener measure on 


Proof By Propositon l3.27l we have the equality 


r H{x,T\y,s)f(y)dyo\g(s)(y) ^ f f(7riyo-)dr(xj)(y) 
Jm JP(;,,r)3Vi: 


(3.33) 


for every test function /, say smooth with compact support. Since these functions are dense in the space of 
all integrable functions on M, this proves (13.321 ) for ^ = 1. 

Now, if / : —> IR and cr = {0 < cri < ... < cr^. < T}, then using Proposition 13.191 and what we just 

proved, the conditional expectation (c^/)°'*-‘ = is given by 


Kfr-'iy) = 



/(7ri7o-,,..., 7ri7o-,_,, yk)H{7riy^i^_, , 


Sk-i\yk,Sk)dvolg^^(yk)- 


(3.34) 


Using the formula E{xj)[e*o-f] = E(xj)[E^x,T)[e*o-f\^‘^^-']] and induction, this proves ( 13.321) . 

Finally, by the density of cylinder functions in the space of measurable functions (c.f. Definition 13.181) . 
equation (13.321) uniquely characterizes the Wiener measure on P(vy)M. □ 


3.5 Feynman-Kac formula 

We will now prove a Feynman-Kac type formula for vector valued solutions of the heat equation with 
potential 

VtY = AgJ + A,Y, F|,-Z, (3.35) 

where At € End(r M) is a smooth family of endomorphisms, and Z is say smooth with compact support. 

The idea is to generalizes the representation formula for solutions of the heat equation (Proposition 13.271 ) 
in two ways by: i) using stochastic pai'allel translation (Definition 13.151 ) to transport everything to TxM, and 
ii) multiplication by an endomorphism Rt-s - Rr-siy) ■ TxM —> TxM, which is obtained by solving an 
ODE along every Brownian curve y, to capture how the potential A, effects the solution. 

Proposition 3.36 (Eeynman-Kac formula). If s € [0, T], At € EndfTM), and Y is a vector valued solution 
of the heat equation with potential, = Ag,Y + AtY, with = Z € Cf{TM), then 

Y{x, T) = E(x,t)VRt-sPt-sZ{Xt-s)\, (3.37) 

where R^ = Rriy) ■ TxM —> TxM is the solution of the ODE -^Rt - RtPtAt-tPt^ with Rq - id. 

Remark 3.38. Similar formulas hold for tensor valued solutions of the heat equation with potential. 
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Proof. Let Y : S' ^ W , Y{u) = u be the equivaiiant function associated to Y. Applying the Ito 
formula (Proposition 13.71) to each component, we obtain 

dY{Ur) = HiY{Ur)dWi + DrY{Ur)dT + AHY{Ur)dT = HiY{Ur)dWi - AT-rY{Ur)dT, (3.39) 

where we lifted equation (13.351 ) to S using Lemma ITT] and Lemma Let : R” —> R” be the solution of 

the ODE -^Rr = RrAj-r with Rq = id. Then 

d{RrY{Ur)) = RrHiY{Ur)dWf (3.40) 

The right hand side disappears after taking expectations, by the martingale property, as in the proof of 
Proposition 13.271 Thus, 

Y{u) = EARt-Jt-s{Ut-.)1 (3.41) 

Finally, we can translate from T to T by computing 

T(x, T) = uY{u) - EAUgRt-Mq^UoUjI^Ut-sYt-AUt-,)] - E^,jARt-,Pt-,Z{Xt-s)1 (3.42) 
Here, we used that = UgRtUq^, which can be checked by computing 

iiUoRrUo') = UoRrAr-rUo^ - UoRrUo^UoU;^UrAT-rU;^UrUo^ = UoRrU^^PrAj-rP^K 
which shows that and UoRrU^^ solve the same ODE, and thus must be equal. □ 


3.6 Parallel gradient and Malliavin gradient 

Eet E : P(xj)X[ ^ IR be a cylinder function. If y e P^xj)^ is a continuous curve and E is a right continuous 
vector field along y, then the directional derivative DyF(y) is well defined as a limit of difference quotients, 
namely 

f (yKe) _ 

DvP{y) - lim ^ (3.43) 

E —>0 S 

where y'^’® = {(x^’^, T - T)}T.g[o,7’] is the curve in P(x, 7 ')M defined by - exp®J^(eE^). 


Definition 3.44 (Parallel gradient). Eet cr e [0, T]. If F : P{x,Ty^ —> IR is a cylinder function, then its 
cr-parallel gradient is the unique almost everywhere defined function viF : ^ {TxM,gT), such 

fhaf 

Dy.P(y) - <vl^P(y), v\pM,gr) (3-45) 

for almosf every Brownian curve y and every v € (TxM, gj), where E”" = {E^)r€[o, 7 ’] is the vector field along 
y given hy Vf = 0 if r € [0, cr) and Vf = P“^v if r e [cr, P]. 


Explicitly, if P = n o : P(x,T)^ 
check that 


—> —> IR, and if we write sj - T - crj, then it is straightforward to 


V" P - e! 




P^Tjgrad^jlu 


(3.46) 
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where grad^^^ denotes the gradient with respect to the 7 -th variable, and is stochastic parallel transport. 


Let ‘K be the Hilbert-space of //'-curves in {TxM,gT) with vq = 0, equipped with the inner 

product 


(v,w>a< 



{Vr, Wr)(T,M,gT) dT. 


(3.47) 


Definition 3.48 (Malliavin gradient). If F : P(x, 7 ')M ^ IR is a cylinder function, then its Malliavin gradient 
is the unique almost everywhere defined function V^P : ^ such that 


DvFir) = (V^FiyXv)^ 


(3.49) 


for every v e 9f for almost every Brownian curve y, where V = {PT-'vT-)Tg[o, 7 ’]. 


Let us now explain the extension to operators on L^. This is based on the integration by parts formula 
from the appendix (Theorem lA.il) . which says that the formal adjoint of Dy is given by 

D*yG = -DvG + \G f (£vr-Pr(Ric + ld,g)P;^Vr,dWr}. (3.50) 

Jo 

By the Ito isometry and (11.31) we have the estimate 




f 




PriRic + \dtg)P;^Vr,dWr) 


<C|v| 


M- 


(3.51) 


Using (13.501) . (13.511) . and the definition of the formal adjoint, we see that if F„ is a sequence of cylinder 
functions with P„ —> 0 and DyP„ —> /( in L^{P(x,t)^), then {K,G) = 0 for all cylinder functions G, 
and thus K = 0. It follows that V''*' can be extended to a closed unbounded operator from L^{P(xj)M) 
to L (P(;c 7 ’)M, Tf), with the cylinder functions being a dense subset of the domain. Similarly, can be 
extended to a closed unbounded operator from to L^(P(;t 7 -)]^, T^M), again with the cylinder 

functions being a dense subset of the domain. 


3.7 Ornstein-Uhlenbeck operator 

The Ornstein-Uhlenbeck operator L = is an unbounded operator on L?{PtM,T(^x,t)) defined by 

composing fhe Malliavin gradienf wifh ifs adjoin!. More generally, fhere is a family of Ornsfein-Uhlenbeck 
operators Un.n on L?(PtM, r(;c_ 7 ’)) defined by fhe formula Un.n - v'|*v| dr, which capfures fhe par! of 

fhe Laplacian coming form fhe time range [ti, 77 ]. The nexf proposifion shows in particular fhaf L = Lqj. 

Proposition 3.52. If F : Pj'M —> IR A a cylinder function, then for almost every curve y e (P^M, r(_j^r)) 
we have the formula 

|V^Pp(y)= r |V^P|2(y)Jr. (3.53) 

Jo 
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Proof. The cylinder function has the form F = uoea- '■ Pj-M —> IR. By the definition of the Malliavin 

gradient (Definition l3.48l) . for almost every y € (P^M, r(jc 7 ’)) we have 


(3.54) 


(3.55) 


k 

- DvF{y) = (V^P(r),v):K - {i^^Fiy), £v)dT. 

7=1 ' 

It follows that 

k 

i^^Fiy) = lir<aj}Pcrjgriid^£uie^j). 

7=1 

Based on this, writing (Tq = 0, we compute 

1^(7) - fli^^Fiyt dr = Y}.cTj - (r,_i) jj] P^,gradgn(e^,r)|" = rV^P|'(r) dr, (3.56) 

Jo Jo 

where we used that the integrands are piecewise constant. This proves the proposition. □ 


4 Proof of the main theorem 

In this section, we prove our main theorem (Theorem 1 1.221) characterizing solutions of the Ricci flow. 

We will prove the implications (R1)^(R2)^(R3’)^(R4)^(R5)^(R3)^(R2’)^(R1). Here, (R3’) de¬ 
notes the (seemingly stronger) statement that for every F € L^(P 7 ’M, r(jc, 7 ’)) we have the pointwise estimate 

(P3') < V2 F(,J) [| V|P| ] (r) 

for almost every y € P(;c, 7 ’)M for almost every r e [0, P], and (R2’) denotes the (seemingly weaker) state¬ 
ment that for every F € L^IP^M, Tr), we have the gradient estimate 

(P2') |V, r Fdr^,,r/ < f |Vllp|2r/r(,,T). 

Before delving into the proof, we observe that it suffices to prove the estimates for cylinder functions, 
since this implies the general case by approximation. For illustration, let us spell out the approximation 
argument for (R2): Let F € L^(PrM, Ft-). Let P,- be a sequence of cylinder functions that converges to 
F in L^fP^M, Fj-) and pointwise almost everywhere. By Fubini’s theorem and the dominated convergence 
theorem, for a.e. x € M we obtain that limy^oo P(x,r)Py - P(jc, 7 ’)P^ < “■ We can assume that for a.e. x e M 
the function F is in the domain of the parallel gradient based at {x, T) (since otherwise the right hand side of 
(R2) is infinite by convention and the estimate holds trivially). Thus, limy_>oo P(x,r)|Vl'Py| = P(x,r)|Vl'P| < oo 
for a.e. x € M. If we know that (R3) holds for cylinder functions, then we can infer that 

limsup |V;, r FjdT(xj)\< f |V"p|r(F(;,, 7 ’) (4.1) 

J — tJPj'M *JPfJY[ 

for a.e. x e M. Once we know that the local Lipschitz-bounds (14.11 ) holds, then passing to a subsequential 
limit we can conclude that (R2) holds for F for a.e. x € M. 
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4.1 The gradient estimate 


The goal of this section is to prove the implication (R1)^(R2). We start with the following theorem for the 
gradient of the expectation value. 


Theorem 4.2 (Gradient formula). If {M, gt)tei evolving family of Riemannian manifolds and F : 
P 7 M Ris a cylinder function, then 


grad ^ E^^j) 


WF + 


f dr 

Jo 


(4.3) 


where - Rriy) ■ T^M —> T^M is the solution of the ODE -^Rt - -Pr^r(Ric + i5rg)P^^ with Rq = id. 


Our proof of Theorem l4.2l is by induction on the order of the cylinder function. The main ingredients are 
the Feynman-Kac formula for vector valued solutions of the heat equation (Proposition l3.36l) . the formula for 
the conditional expectation value (Proposition 13.191 ). and the following evolution equation for the gradient. 


Proposition 4.4 (Evolution of the gradient). If{M, gt)tei evolving family of Riemannian manifolds, and 
u solves the heat equation, dfU = Eg^u, then its gradient, gradgU, solves the equation 

V, grad^^M = Ag,gradgU - (Ric - 1 - ^dtgtXgradgU, •)**'. (4.5) 

Proof Using the formula dt{g~^) - -g~^{dtg)g~^ and the definitions of gradgfu) and Vf, we compute 

VtgradgU = gradgfd,u) - d,g,{gradgU, •)**«' -1- \d,g,{gyadgU, •)•*«' 

^ Ag,gcadgU - (Ric - 1 - \dtgt){gradgU, , (4.6) 

where we used the equation dfU - Ag,u and commuted the Laplacian and the gradient. □ 

Proof of Theorem \4?2\ We argue by induction on the order k - |cr| of the cylinder function F - e*^u. 

If ^ = 1, then by equation (11.131) the expectation E(xj)F is given by integration with respect to the heat 
kernel, namely 

E{x,T)F ^ f u(y)H(x, Tjy, s)dvolg(x)(y) = {Pstu){x), (4.7) 

Jm 

where s - T - cr. On the other hand, by Proposition 14.41 we have the evolution equation 

V, grad^ P^,n = Ag^gradgPxtU - (Ric - 1 - \dtg,){gradgPxtu), (4.8) 

where we view (Ric - 1 - ^dtgt) as endomorphism (using the metric gf). We can thus apply the Feynman-Kac 
formula (Proposition [33^, and obtain 


{gradg^PsTu){x) = E(xj)[Ro-Po-{g^^^gU)(Xa-)\, (4.9) 

where R^ = Rriy) '■ Txf^ TxM is the solution of the ODE -^Rr - -RrPriP-^c + jdtg)Px^ with Pq - id. 
Using the fundamental theorem of calculus and equation (13.461) . we can rewrite this as 

r.T 


{grad Pstu){x) = E^xj) 


id -I- 




dTjPa-(gradg^u)(Xcr) 


= P, 


(x.T) 


V"E + 


f i/t,V«FdT 

Jo 


. (4.10) 
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Thus, the gradient formula (14.31) holds true for 1-point cylinder functions. 

Now, arguing by induction, let F - e*^u be a A:-point cylinder function and let Si - T - cri. Note that 

E(,j)F - (4.11) 

Using Proposition 13 .19 1 we see that G := is a 1-point cylinder function given by G = e*^^w, 

w(y) - (4.12) 

where the expectation is over all Brownian curves starting at (y, T - ctj). Note that by equation (14.1 11 1 and 
the case ^ = 1 of the gradient formula we have 

gradg^£'(;,,r)F = grad^^£■(;,,^ £'(x,r).??cri/’cri(gradg,,vv)(X^i), (4.13) 

where Rr = Rriy) ■ T^M T^M is the solution of the ODE -^R^ = -/?rPT(Ric + \dtg)Pr^ with Rq = id. 
Using the product rule and induction, we compute 


(grad w)Cy) =E^y^,^)gr^A^%{y, ) 


+ E 


tv..*!) 


v'iiu(y,x;^_^,,...,x;,_^,) + 


crk-(T[> 


Jo 




(4.14) 


where X' and V''' denotes Brownian motion and the parallel gradient based at (y, T - cri), and R'^ - R'-^{y') : 
TyM —> TyM is the solution of the ODE -^R'r = -R^P^(Ric -i- with R'^ = id. Note that 


Eo,,,.)grad(Ju(y,X;^_,,,.. • ,X;^_^,) + E(,,,.)V'"u(y,X;^_^,,.. • ,X;^_,.) 


2 (4.15) 

i=i 


Moreover, if y = y|[o,D-i] * y' then Pr(rl[ 0 ,(ri] *'/) = Po-i{y) ° P'T-a-iiy') and thus 

P<r,R'r-.,P~A = R~.\Rr 


(4.16) 


for T > (T\, since both sides solve the same ODE with the same initial condition at time (T\. Putting 
everything together, we conclude that 


grad ^ E^^j) 


Ra,X^F + 


f ^rMf dr 

J(T\ 


= F 


G,T) 


V'lp-r 


r £RrVlF dr 

Jo 


(4.17) 


where we also used Proposition 13.191 the formula Po-j(y|[o,o-|] * y') - Po-iiy) ° P^_o-i(tO> and (13.461) . □ 

Proof of (R1)^(R2). The gradient formula (Theorem 14.21) . together with the above approximation argu¬ 
ment, immediately establishes the implication (Rl) ^ (R2). To see this, just observe that for families of 
Riemannian manifolds evolving by Ricci flow the time integral in (14.31) vanishes, that | Vjc F dTx\ and 
|gradg^P(;f 7 ’)P| are the same (just in different notation), and that |P(jc, 7 ’)V''p| < dr(;c^ 7 ’). □ 
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4.2 Regularity of martingales 


The goal of this section is to establish the implication (R2)^(R3’). For convenience of the reader, we also 
prove the (obvious and logically not needed) implication (R3’)^(R3). We start with the following formula 
for the quadratic variation of a martingale on path space. 


Theorem 4.18 (Quadratic variation formula). If (M, gt)tei (in evolving family of Riemannian manifolds 
and F : —> K, /s a cylinder function, then 

- l\^yE^j-r)Fy[0,r]\\niyr) (4.19) 

for almost every y € where Fy[o,T] : Pj-t^ —^ K- E defined by Fy[o,r](TO = F’(y|[o,T] * j')- 


Proof of Theorem \4.18\ Given a cylinder function F = u o eo- ■ P(x,t)^ —> ^ E-. and a number 

T € [0, T], let j be the largest integer such that cr, < r. By the formula for the conditional expectation 
(Proposition ( 339 ]) and the characterization of the Wiener measure (Propositon l3.31l) . for e > 0 small enough, 
FT+s given by 


F'^^^iy) ^ I u{jTiya ;,..., 7riy^^,y^-+i,... ,yk)dvy^^^(yj+i, sj+i)... <5?V(y,_i,^,_,)(y^:, Sk). 
JMi-i 


We can write this as = e* Wg, where we define Wg = w, 


£,ro-,,-,ro- 


by 


Wsiz) ^ I u(7riyo-j, ... ,7:iycrj,yj+i, .. .,yk)dv(yj-r-E)(yj+i,Sj+i) ... dv(y|^_^^x^^^)(yk, Sk)- 
JMi-j 


Now, since the function is Z^-measurable, we can compute 


d[F*]r 

dr 


(r) - E(x,t) 


d[F*]r \^r 
dr ' 


= lim -E^^xj) - {E^^yf I , 

e^0+ fi t I J 


(4.20) 


(4.21) 


(4.22) 


where we also used the martingale property {E'^^^Y = F’’ and the definition of the quadratic variation, c.f. 
Section[33] Using again Proposition ^. 19l and Propositon l3.31[ as well as some rough short time asymptotics 
for the heat kernel, we conclude that 

= lim - r (wg(z) - r We(z) dvyfz, F - T - e)] dvyfz, T -t-e) = llVwoRniyr). (4.23) 
dr s Jm\ Jm j 

Observing that wo(y) = E(yj-x)Ey[o^T], this proves the theorem. □ 


Proof of (R2)^(R3’). Let iM,gt)tei be a smooth family of Riemannian manifolds such that the gradient 
estimate (R2) holds, and let F : P{x,t)^ ^ 1R be a cylinder function. Observe that 

|V^F|(y|[o,.] /) - |VjFy[o,r]l(r )■ (4.24) 

Now, using Theorem 14.181 the gradient estimate (R2), and (14.241 ). we compute (for a.e. y for a.e. r) 


d[E*]r 

dr 


(y) = Ef^xj) 


dVE-Y 1^, 

dr ' 


= ^E(xJ) [|VvF(j.,7’_.r)F’y[0,T]l(^irr) 


< <2E(x,t) [FyJvjF^ro.r]! |S"] - V2F(,,r) [|V|F| |z"] , (4.25) 
where we also used Proposition 13.19l in the last step. This proves (R3’). □ 
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Proof of (R3’)^(R3). Let F € L\PtM, r(x,r))- Using the assumption (R3’), the Cauchy-Schwarz inequal¬ 
ity, and the definition of the conditional expectation, we compute 

< 2£(x,r) (£(x,r) [IV^FI |x"])' < 2£(,,r)|V|F|2. (4.26) 

This proves the martingale estimate (R3). □ 

4.3 Log-Sobolev inequality and spectral gap 

In this section, we prove the implications (R3’)^(R4)^(R5). 

Proof of (R3’)^(R4). Let F : Pj-M ^ K, be a cylinder function, and let {G’’)r6[o,r] be the martingale 
induced by the function G = P^, i.e. Using the Ito formula and the martingale property 


we compute 

P(x,r)log G^^ - log ] = P(,,r) £ d{G^ log G") = P(,,r) £ ^ (4.27) 

By assumption (R3’), the Cauchy-Schwarz inequality, and the definition of G’’, we have the estimate 

< 2 (P(,,r) [|2PV^P| |l" ]f < 8G" P(,,r) [lV^PI^ |e" ]. (4.28) 

Combining (14.271) and (14.281) we conclude that 

logG^^ - G"‘ logG"‘] < 4P(,,r) £ [|V^P|2 |l^] dr = AEf^.jfF, Lr.^r^F), (4.29) 

Jri 

where we used Propositon l3.52l in the last step. This proves the log-Sobolev inequality (R4). □ 


Proof of (R4)^(R5). Applying the log-Sobolev inequality for F^ = I + eG and using approximation, we 
obtain 

- (G"‘)2] < 2E(,jfG, Lrur2G). (4.30) 

Observing that - (G^‘)^] - E(^x,t)[{G'^^ - G’"')^], this proves the spectral gap. □ 

4.4 Conclusion of the argument 

The goal of this final secfion is fo prove fhe remaining implicafions (R5)^(R3)^(R2’)^(R1). 

Proof of (R5)^(R3). Using fhe formula for fhe Malliavin gradienf (Proposifion 13.521) we can rewrite fhe 
spectral gap estimate (R5) in the form 

< 2P(,,r) rV^PI^r/r. (4.31) 

Jri 

Dividing both sides by T 2 - ti and limiting T 2 —> ti we obtain 

< 2P(,,r)|V|P|2, (4.32) 

which is exactly the martingale estimate (R3). □ 
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(4.33) 


Proof of (R3)^(R2’). The quadratic variation formula (Theorem 14.181 ) at t = 0 reads 

\'^ xE{x,T)F\^ = 

Together with the martingale estimate (R3) at t = 0 this implies 

\^xEi,j^F\^ < £(.,r)|V"F|2, (4.34) 

which is exactly the gradient estimate (R2’). □ 

Proof of (R2’)^(R1). Let {M,gt)tei be an evolving family of Riemannian manifolds satisfying the gradient 
estimate (R2’). Plugging in a 1-point cylinder function F - u o Ca- : Pt^^ ^ M —> R, the estimate (R2’) 
reduces to the estimate 

< Pst\^u\^, (4.35) 

c.f. Remark Q. 121 Thus, by Theorem 11.51 (only the implication (S3)^(S1) is needed), {M,gt)tei is a su¬ 
persolution of the Ricci flow. To show that {M,gt)tei is also a subsolution, we will analyze the gradient 
estimate (R2’) for a carefully chosen family of 2-point cylinder functions. Namely, given a point (x, T) € M 
in space-time (T > 0) and a unit tangent vector v € {TxM,gT) we choose a test function n : M x M ^ R 
such that 

gradgj,^M = 2v, grad^n =-v, Hess^j.^ = 0 at(v, v). (4.36) 

We consider the 1-parameter family of test functions 

F^(y) = u(eo(7),eA7)), (4.37) 

where cr e [0, T]. We will now analyze the asymptotics for cr ^ 0. We start with the rough estimate 

- v| = 0{(T). (4.38) 

Together with the gradient formula (Theorem 14.21) this implies that 

limigrad £■(;,,= 1 ^ lim (4.39) 

CT^O * (T—>0 

To compute the next order term, we first note that the gradient formula (Theorem 14.21) yields the estimate 
grad^^£(,,r)F" = £(,,t)[V"f‘"] + cr{Ric + \dtg\,jfv) + o(cr). (4.40) 

Using this, we compute 

(|grad^^£(,,r)^’l' - £(x,r)|VllFn2) = (v, £\^=o 

^ (Ric -I- ^dtg\xj){v, v). (4.41) 

Together with (14.391 ). since the gradient estimate (R2’) holds by assumption, we conclude that 

(Ric + l5,g)(,,r)(v,v)<0. (4.42) 

Since (v, T) and v are arbitrary, this proves that (M, gt)tei is a subsolution of the Ricci flow. Recalling that 
we already know that (M, gt)tei is a supersolution of the Ricci flow, this finishes the proof. □ 
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A A variant of Driver’s integration by parts formula 


The purpose of this appendix is to prove Theorem lA.li a variant of Driver’s integration by parts formula 
IIDri92L We write (F, G) = E(x,t)FG. Moreover, if Vr € T^M we use the notation (vt, dWr) = (t/g' Vt), dW\. 

Theorem A.l (Integration by parts). Let F,G : PjJA —> R cylinder functions, let {vT-)^g[o, 7 '] € Ji, and 

write V - Then 

D*yG = -DvG + ^Gf {£vr- Pr(Ric + ^dtg)P;\r, dWr) (A.2) 

Jo 

satisfies (DyF, G) - {F, DyG). 

Proof. We adapt the proof from IIHsu02[ Sec. 8] to our setting of evolving manifolds. 

Since Dy satisfies the product rule it is enough to show that 

P(.,T)[P>yP] = k^(x,T)[F f {£vr - Pr(Ric + \d,g)P;^Vr, dWr)] (A.3) 

Jo 

for all cylinder functions F. We prove this by induction on the order k of the cylinder function F. 

k - \\ Let F - e*^u be a 1-point cylinder function, and let 5 = P - cr. Since w{x, t) Pstu{x) satisfies fhe 
heaf equation, ifs gradienf safisfies fhe equation 

V, gradgvv = Ag, grad^yv - (Ric -i- ^J,g)(gradgw, , (A.4) 

c.f. fhe proof of Proposition 14.41 By fhe Feynman-Kac formula (Proposition 13.361) we have 


gradg^w {x, T) ^ F^^j) [Po-Po-grad^ n (Aq-)], (A.5) 

where Rj = Rfij) : {TxM,gT) {TxM,gT) solves fhe ODE = PrPr(Ric -i- ^dtg)T-rP^^ wifh Pq = id, 
and where we view (Ric -i- ^dtg)T-T as endomorphism of TM (using fhe mefric gT-r)- 
By equation (13.291) we have 

u{Xa-) = w{x,T) + f V^w(Ur)-dWr, (A.6) 

Jo 

where vv is the invariant lift of w and V^vv = {FI\w, ..., //„vv) is its horizontal gradient. 

Let {ZrlTEto.T] £ TC. Using the above and the Ito isometry, we compute the following expectation value: 


P(.,T) {Rlzr,dWr) = F^,J) ^ 

p(T per 

X^w{Ur)-dWr {Rlzr,dWr) 

'o Jo 

(A.7) 

= '^E{x,T) 

r {Rlzr,y^w(Ur))dT 

Jo 

(A.8) 


r (Zr, RrUoV^w{Ur))gr dr. 

Jo 

(A.9) 
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Let := RrUo^^wiUr) = RrPr g^SLdg^w{Xr, T - t). Integration by parts gives 

per per 

P{x,T) I ■> Xf) gj (It — E (^x,T)\i.ZcT ^X(j) gj — I (xti dNY) gj\ — E(^x,T){Z(T^XQ-}gj,, (A. 

Jo Jo 


10) 


where in the last step we used that Nt is a martingale, c.f. equation (I3.40I) . Putting things together, and 
taking also into account that 


we obtain 


Eix,T) U{X^) f {Rlzr,dWr) = E(xJ)U{X^) E^xJ) f {RlZr,dWr) = 0, 

J (T er 

E(xJ) u{Xo-) f {R\zT,dWr} = 2E(xJ){RVzo;Po-S^3idgU{Xa-))gj. 


Finally, we let = R^rZr- Then 
and equation (IA.3I) follows. 


RIzt = Vr - Pr(Ric + \dtg)Px'Vr, 


1 /) 


(A. 11) 


(A. 12) 


(A. 13) 


k - \ ^ k\ Let E - e’^f be a k-point cylinder function and let Si = T - cr,-. Define a new function of k - 1 
variables by 

g{X\ ,...,Xk-\) = . . . , Xk-\,X'(r,-a-^_i)^ (A.14) 

where X' is based at Xk-\- Let G : P(x,t)X[ —> 1R be the (k - l)-point cylinder function 

G{y) = g(eo-,r,...,Co-,_,y). 

In belows computation we will frequently use the Markov property (Proposition 13.191) 

The first step is to express 

k 

E{x,T)DvE = E^x,T){Vcrp PcTj&^dg^^fiXo -^, . . . ,X|j-j,))gj, 

f=l 

in terms of G. To this end, note that for 7 = 1, • ■ •, k - 2 we simply have 

grad^''^|g(vi,..., Xk-i) = • • • > 

For j - k - \ using the product rule and the gradient formula (IA.5I) we have 
• • • ’ ^-t-i) = Fta_i,.,_,)gradJ“^(^i, • • •, Xk-iXcr,-a,^,) 

(^1 - • • > 1 > Ku-o-u-i )’ (AT 8 ) 

where /?; = R'^iy ): {Tx,_^ M, ^ iTx,_i M, ) solves the ODE = /?;p;(Ric + \^tg),,_^-rPr~^ with 
Rq = id. Taking expectations, we thus obtain 

E(x,t)DvE = Ei^x,t)DvG + £'(;f_r)(Vo-*,Pcri.grad®/(Xo-|,.. .,XcrJ)gj 

~ E{xJ)E{X^^__^^sk-i){Vo-^-i^ P crk-iPa-k-a-kX o-k-o-k-X^^g!/ ' ' • ’ ’ ^o-j,-o-t_i))gT • (A-19) 


(A. 15) 


(A. 16) 


(A. 17) 
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By the induction hypothesis we have 


E(,j^DyG - {£vr- Pr(Ric + {dtg)P;^Vr, 

Jo 


dWr)l 


(A.20) 


Conditioning, using the induction hypothesis for 1-point functions, and unconditioning again, we compute 

E{xj){V(Tk ~ ^’o-t_pPcrtgr^dg^^/(Xo-j,... ,Xa-J)gj- 

= E(^x,T)E{X^^ ^,Sk-i){P(Tk-i^'^o-k ~ l^o-t_i)rPcrj-o-t_|gr^dg,^/(Xo-|, . . . ,Xo-^ ^ 


- \E^xJ){E f {^Vr - Pr(Ric + {dtg)P;\vr - V^,_,),dWr}l 

Jsk-i 

Finally, using the induction hypothesis for 1-point functions and the ODE for R' we compute 

E{x,T)E{X^^ ^^Sk-i)(V(Tk-i^ (Po-k ~ ^o-k-iPcTk-o-k-i^a-k-a-k-i^S^^d^gsk-f ■ ■ ■ > ’^crt.-D-t_i))g7’ 


(A.21) 


- E(x,T)E(x^^_^ ,Sk-i)ii^ ^a-k-o-k-i ^^<Tk-\ ’ ^a-k-a-k-i (Aq-, , . . . , 

- EixJ)VP f ' (Pr(Ric + ^d,g)P;^V ^,_,, dWr)l 

Jsk-\ 

Adding (IA.20I) . (IA.21I) and (IA.22I) we conclude that 

E(xJ)DvP = \E(x,T)VP f dvr - Pr(Ric + ^dtg)P;\r, dWr)]. 
Jo 


(A.22) 


(A.23) 


This proves the theorem. 
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